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Modeling of the Effective Thermal Conductivity of
Consolidated Porous Media with Different Saturants:
A Test Case of Gabbro Rocks
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The thermal conductivity and thermal diffusivity of porous consolidated
gabbro rocks have been measured simultaneously by the transient plane
source technique at normal temperature and pressure using air and water
as saturants. The density and porosity are measured using American Soci-
ety for Testing and Materials (ASTM) standards under ambient conditions.
The mineral composition is obtained using a petrography technique. Data
are presented for 12 specimens of gabbro, taken from Warsik near Pesha-
war, Pakistan. A recently proposed empirical model for the prediction of
the thermal conductivity of porous consolidated igneous rocks is established
using different fluids in pore spaces, under ambient conditions. An exponen-
tial decay formula is also proposed for the prediction of the thermal con-
ductivity at room temperature and normal pressure. The results are compared
with different existing empirical models. A simple correlation between density
and porosity is also reported.

KEY WORDS: density; gabbro; mixing law models; porosity; thermal con-
ductivity; transient plane source technique.

1. INTRODUCTION

A knowledge of the thermal transport properties of rocks has become
important with the widespread interest in thermal processes, e.g., under-
ground fluid-bearing reservoirs. Some of these processes include thermal
methods of enhanced oil recovery, management of geothermal reservoirs,

! Thermal Physics Laboratory, Department of Physics, Quaid-i-Azam University,
Islamabad 45320, Pakistan.
2To whom correspondence should be addressed. E-mail: tpl.qau@usa.net

1371

0195-928X/07/0800-1371/0 © 2007 Springer Science+Business Media, LLC



1372 Aurangzeb and Magsood

and underground disposal of nuclear waste. The design of thermal-insulat-
ing materials also depends upon the heat transfer characteristics of porous
media.

Precise measurements of the thermal conductivity of rocks are
difficult to make and are very time-consuming. To make laboratory mea-
surements on all types of rocks of interest and under all environmental
conditions of temperature, pressure, and fluid saturation would be prohib-
itive in terms of time and expense. Consequently, a lot of effort [1-20] has
been made to devise a simple physical model for the prediction of thermal
conductivities of porous rocks filled with fluids ranging in thermal conduc-
tivity from that of air to that of water.

Igneous rocks are classified on the basis of texture and chemistry.
On the basis of texture (grain size), igneous rocks are divided into two
groups [21]: extrusive, volcanic, or fine grained and intrusive, plutonic, or
coarse grained. On the basis of chemical composition, igneous rocks fall
into four groups: felsic, intermediate, mafic, and ultramafic. Gabbro lies in
the coarse-grained mafic category of igneous rocks. In these rocks, silica
amounts from 45 to 52% (by volume).

The present work presents thermal parameters of 12 porous speci-
mens of gabbro, ranging in porosity from 0.322 to 0.935% by volume,
taken from Warsik near Peshawar, located in the north of Pakistan. The
porosity and density parameters are measured using American Society for
Testing and Materials (ASTM) standards, under ambient conditions. The
mineralogical composition is found by making thin sections of specimens
(petrography), while the thermal transport properties are measured using
the transient plane source (TPS) technique [22] at normal temperature and
pressure. The thermal conductivity of a given piece of rock depends, at
constant temperature and pressure, on the mineralogical composition, as
well as on its porosity and pore filling (which can be air, water, oil, etc.)
and also on the geometrical composition. The aim of the present work is
to model the thermal conductivity of porous consolidated igneous rocks in
terms of easily measurable parameters such as porosity, thermal conductiv-
ity of fluid contained in pores, and thermal conductivity of their constitu-
ent solid phase.

2. ESTIMATION OF THERMAL CONDUCTIVITY

Three basic types of models for the estimation of the thermal
conductivity of multi-component systems have been used in the past [23].
The first type involves the application of mixing laws for porous min-
eral aggregates containing various fluids. Since, these models do not take
into account the structural characteristics of rocks, they are of limited
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applicability. A second type is the empirical model in which more easily
measured physical properties are related to thermal conductivity through
the application of regression analysis to laboratory data. This method also
has its shortcomings in the sense that the resulting model may be applica-
ble only to the particular suite of rocks being investigated. The third type
is the theoretical model based on the mechanisms of heat transfer appli-
cable to simplified geometries of the rock/fluid system. The difficulty here
is the degree of simplification necessary to obtain a solution.

The proposed models have limited applicability and cannot be used
for all types of systems, especially when the differences in the thermal con-
ductivities of the constituent phases are very large. A general expression to
predict the effective thermal conductivity is still lacking.

If we assume that the constituent minerals with thermal conductivities
A; and volume concentrations V; are arranged in parallel in a non-porous
rock, then the thermal conductivity Ag of the pure solid phase will be

XNV
s = >V,

¢y

In the following section, we will discuss some of the mixing laws and
empirical models.

2.1. Mixing Law Models
Three very basic mixing-law models [23] are given as follows.
2.1.1. Weighted Arithmetic

This mixing law suggests the parallel arrangement of components
(solid and fluid phases) relative to the direction of heat flow and gives the
maximum value of the effective thermal conductivity, and is expressed as

he=Pht+ (1 — D) As, 2

where @ is the fractional porosity and A¢ is the thermal conductivity of
the fluid contained in pore spaces.
2.1.2. Weighted Harmonic

This mixing law suggests the perpendicular arrangement of compo-
nents relative to the direction of heat flow and gives the minimum value
of the effective thermal conductivity, and is expressed as

& 1-o\ !
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2.1.3. Weighted Geometric

This mixing law [24] has no physical background but gives better
results compared with Egs. (1) and (2). It is expressed as

()
Ao = s (7) , 4

where all the variables are defined as above.

2.2. Empirical Models

In developing the empirical models, more easily measured physical
parameters are related to thermal conductivity with the addition of some
empirical coefficients, exponents, or adjustable parameters, whose values
can be determined from a least-squares fit to laboratory data. Some exam-
ples are given below.

2.2.1. Asaad’s Model

Asaad’s equation [2] is very similar to the weighted geometric mean

model, given as
)xf cP
Ae=As| — ) ., 5
=x(3) 5)

where ¢ is an empirical exponent. When ¢ =1, this equation becomes iden-
tical to Eq. (4).

2.2.2. Sugawara and Yoshizawa Model

The Sugawara and Yoshizawa [6] model is expressed as
re=(1—A)As+ Alg, (6)

where A= ({%} {1 — (1+—1¢)n}> is an adjustable parameter and n(>0) is
the empirical exponent depending on the porosity, shape, orientation, and

emissivity inside the pores.
2.2.3. Veerendra and Chaudhary Model

For porous consolidated materials, the extended Veerendra and
Chaudhary model [12] is

1

?»e=(1—¢))»H+¢>XL—I/f(i:—;)3 (7
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where A =isefPand AL =rpe PP for As>Ar and B= ’;—2 - )
According to Veerendra and Chaudhary, there is a corrective term,
@ (1—9) «/)»L)»H,l which may be either added or subtracted from Eq. (7).

The term (i—;) *is to account for a high thermal conductivity ratio(i—;).
The coefficient i is determined to conform to the experimental results.

2.2.4. Pande and Chaudhary Model

For porous consolidated materials, the model proposed by Pande and
Chaudhary [14] is

2
3

he = F (0.6132) (hshp) 2 (1—1.5455f) for &>0 ®)

2
AezF(0.6132)(ASAf)§(1+3.844§S3) for £&>0 9)

where & =@ —0.5,£=0.5— &, and F is an empirical coefficient deter-
mined to conform with the material studied.

A recently proposed empirical model [25] for the prediction of ther-
mal conductivity of consolidated porous media in terms of easily measur-
able parameters is

1 1 mo
— =t — (10)
Ae  As | Ap
where m is the empirical coefficient whose value can be determined using
experimental values of thermal conductivity and the corresponding values

of @ and A, by
1/ dexp — 1/Ag
m:)»f(Z( /ZPCD / )) (11)

The empirical coefficients, exponents, or adjustable parameters may vary
according to the suite of rocks. Therefore, the extrapolations of empirical
models to suites of rocks other than those used in developing these models
may not be satisfactory.

3. MEASURING TECHNIQUES AND SAMPLE
CHARACTERIZATION

The samples were collected with the collaboration of the Geological
Survey of Pakistan (GSP), Islamabad and were cut in rectangular shapes
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having approximate dimensions of 4.5 x 4.5 x 2.5cm?>. There were 12
specimens with four samples of each type. The average values of the mea-
surements are stated here.

For density-related parameters, the specimens were dried at (105 &
5)°C in a furnace for 24h. After drying, the specimens were cooled at
room temperature for 30 min and then kept in desiccators. For mass mea-
surements, a digital balance with a tolerance of 0.001 g was used. The vol-
ume of each sample was determined within 0.001 cm?.

The transient plane source (TPS) technique, also known as Gustafs-
son’s probe [22] was used to measure the thermal conductivity of these
materials because it allows measurements without any disturbance from
the interfaces between the sensor and the bulk specimens. Also, simulta-
neous measurements of the thermal conductivity, thermal diffusivity, and
heat capacity per unit volume are possible [26]. In this technique, a TPS-
element is used both as a constant heat source and a sensor of temper-
ature. For data collection the TPS-element (20 mm diameter) sandwiched
between two specimen halves in a bridge circuit [27,28] was used. When
a sufficiently large amount of direct current is passed through the TPS-
element, its temperature changes consequently and there is a voltage drop
across the TPS-clement. By recording this voltage drop for a particular
time interval, detailed information about the thermal conductivity (A) and
thermal diffusivity (k) of the test specimen is obtained. The heat capacity
per unit volume (pC)) is then calculated from the relation,

A
IOCP=_3 (12)
K

where p is the density of the samples.

Taking into consideration the errors of the technique [28,29],
standard deviations of the measurements, and the sampling errors, the
uncertainties in the thermal conductivity and thermal diffusivity data are
estimated to be 5 and 7%, respectively. The uncertainty in the volumetric
heat capacity is approximately 10%.

4. RESULTS AND DISCUSSION

Thermal properties of porous rocks depend upon their structure, min-
eral composition, porosity, density, the ability of their constituent minerals
to conduct heat, etc. Grain density (ps), bulk density (p), and porosity are
grouped as the density-related properties of rocks. The results of the exper-
iments are discussed in the following.
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Table I. Measured Fractional Porosity (@), Bulk Density (p,), and Estimated Density (pest)
of Gabbro Specimens at Normal Temperature and Pressure

S. No. @ po (103 kg-m—3)=0.002 pest (103 kg-m™3)
Gbo1 0.00322 2.974 2.905
Gb02 0.00332 2.922 2.904
Gb03 0.00413 2.975 2.902
Gb04 0.00468 2.986 2.900
Gb05 0.00637 3.031 2.895
Gb06 0.00655 3.020 2.895
Gb07 0.00783 2.992 2.891
Gb08 0.00850 2.943 2.889
Gb09 0.00855 2.961 2.889
Gbl10 0.00894 2.995 2.888
Gbl1 0.00905 2914 2.888
Gbl2 0.00935 3.178 2.887

4.1. Density-Related Properties

The density of rocks depends on their mineral composition and struc-
ture. From thin sections of the specimens, it is found that on the aver-
age, these samples consist of 69% calcium-rich plagioclase feldspars, 20%
pyroxene, 6% olivine, and 5% amphibole by volume. Their densities are
2.769, 3.209, 3.469, and 3.059g-cm—3, respectively [30]. Thus, the density
of the solid phase, true density, or grain density (ps) was calculated for
each sample by using [31]

p _2piVi
S TV,

: (13)

where p; and V; are the true densities and volume fractions of constituent
minerals.

It is also possible to establish a correlation [32,23] between bulk den-
sity or apparent and fractional porosity for the rock samples as

Pest =ps (1 —P) (14)

wherepswas calculated from Eq. (13) and is found to be 2.914g-cm™3
for all specimens. The estimated values of the bulk density are tabu-
lated in Table I. As is evident from Table I, there exists excellent agree-
ment between the experimental and estimated bulk densities. Table I also
gives the measured values of the fractional porosity (@) which varies from
0.00322 to 0.00935.
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Table II.

Aurangzeb and Magsood

Experimental Thermal Conductivity (1), Thermal Diffusivity (x), and Heat
Capacity per unit Volume (oCp) of Gabbro Specimens along with the Standard Deviation
(SD) at Normal Temperature and Pressure, using Air as Saturant

Specimen A (W-m*1 .K~1) sD

« (mm2s~!) SD

pCp (MJ-m=3.K~1) SD

Gbol 2.277 0.042 1.632 0.046 1.394 0.105
Gb02 2.302 0.061 1.531 0.061 1.504 0.097
Gb03 2.105 0.029 1.104 0.051 1.906 0.094
Gb04 2.093 0.048 1.377 0.049 1.521 0.087
Gb05 1.982 0.025 1.168 0.042 1.697 0.095
Gb06 2.092 0.053 1.238 0.056 1.688 0.124
Gb07 2.101 0.018 1.068 0.072 1.968 0.107
Gb08 1.876 0.049 1.015 0.049 1.846 0.130
Gb09 1.902 0.039 1.161 0.069 1.639 0.069
Gbl0 2.053 0.028 1.129 0.054 1.820 0.107
Gbll 1.852 0.058 1.015 0.046 1.823 0.112
Gbl2 1.845 0.060 1.148 0.078 1.606 0.104
Table III. Experimental Thermal Conductivity (1), Thermal Diffusivity (k) and Heat

Capacity per unit volume (pCp) of Gabbro Specimens along with the Standard Deviation

(SD) at Normal Temperature and Pressure, using Water as Saturant

Specimen A (W-m_l-K_l) SD

K (mmz-s_l) SD

pCp MJ-m—3K~!) SD

Gb01
Gb02
Gb03
Gb04
Gb05
Gb06
Gb07
Gb08
Gb09
Gbl1
Gbl2

2.497
2.487
2.471
2.469
2.448
2.416
2.470
2.468
2.416
2.422
2.435

0.051
0.039
0.042
0.054
0.048
0.049
0.026
0.045
0.060
0.057
0.037

1.612
1.371
1.331
1.346
1.431
1.291
1.196
1.256
1.221
1.340
1.098

0.050
0.061
0.048
0.064
0.047
0.054
0.061
0.021
0.037
0.061
0.054

1.561
1.806
1.845
1.930
1.823
1.953
1.651
2.113
1.937
1.706
2.189

0.102
0.099
0.078
0.108
0.098
0.097
0.108
0.069
0.067
0.134
0.105

4.2. Thermal Transport Properties

The thermal conductivity, thermal diffusivity, and heat capacity per
unit volume of the samples along with the corresponding standard
deviations are shown in Tables II and III using air and water as saturants,
respectively. For air as the saturant in the pore spaces, the thermal
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conductivity of the specimens ranges from 1.845 to 2.302W.m~!. K1,
the thermal diffusivity ranges from 1.015 to 1.632mm?-s~!, and the heat
capacity per unit volume ranges from 1.394 to 1.968 MJ.m~3.K~!.
For water as the saturant in the pore spaces, the thermal conductivity
of the specimens ranges from 2.416 to 2.497W.m~!.K~!, the thermal
diffusivity ranges from 1.098 to 1.612mm?-s~!, and the heat capac-
ity per unit volume ranges from 1.561 to 2.189MJ.m=3. K~ It is
obvious that the thermal conductivity increases for water-saturated sam-
ples. This is because the thermal conductivity of water is about 30
times larger than the thermal conductivity of air. Thus, our observa-
tions have the expected behavior. In the rest of the discussion, only the
experimental data of the thermal conductivity and its prediction from
different empirical models (both from existing and proposed) will be
considered.

Under ambient conditions, the thermal conductivity values of calcium-
rich plagioclase feldspars, pyroxene, olivine, and amphibole are 1.68,
4.41, 4.83, and 3.65W-m~'. K1, respectively [30]. Thus, by using Eq.
(1), A»s was calculated for each specimen of gabbro to be equal to
2.5W-m~ L. K~1Af is taken as 0.026 and 0.606 W-m~!-K~! for air and
water, respectively [33].

For gabbro specimens (using air as the saturant), in the Sugawara
and Yoshizawa model, the empirical exponent »n is taken as 1; for Asaad’s
model the empirical exponent ¢ was calculated and its mean value is found
to be 6.8; for the extended Veerendra and Chaudhary model, the empiri-
cal coefficient ¥ =0.093; for the Pande and Chaudhary model, F =3.8377,
and for our recent proposal, m = 0.36.

Similarly for water as the saturant, in the Sugawara and Yoshizawa
model, the empirical exponent n is taken as 1; for Asaad’s model the
empirical exponent ¢ is 1.93; for the extended Veerendra and Chaudhary
model, the empirical coefficient ¥ =0.017; for the Pande and Chaudhary
model, F =0.9554, and for our recent proposal, m =0.67.

From Table IV, it is noticed that with air as the saturant,
Asaad’s model gives an error up to 8%, and the Sugawara-Yoshizawa
model gives a larger error compared to the other models and is about
33%. Veerendra-Chaudhary and Pande-Chaudhary models give errors
up to 11%, whereas our recently proposed model, Eq. (10), gives an
error of not more than 7%. For the case of water as the saturant,
all the models give nearly similar results and the errors are within 2%
(Table V).
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4.2.1. Exponential Decay Expression for Thermal Conductivity Prediction

An exponential decay expression may also be used to predict the ther-
mal conductivity of consolidated porous media at room temperature and
normal pressure,

As
Ae=hse O (15)

where z is the empirical exponent whose value can be determined using
any number of experimental values of thermal conductivity and corre-
sponding values of @ and Ag, by

zZ(@%):Zln( & ) (16)

)»exp

For the case of gabbro specimens, the calculated value of z is 0.32 and
0.66 for air and water as saturants, respectively.

From Eq. (15), it is obvious that when @ is equal to zero, A, becomes
equal to Ag, i.e., the thermal conductivity of the pure solid phase, as is
the case of all other models, except for the Pande and Chaudhary model,
where Ae # Mg at @=0.

The results obtained using this proposal are also given in Tables IV
and V for air and water saturants, respectively; and the errors are up to 8
and 2% for air and water saturants, respectively.

2.4+

2.0

Thermal conductivity, W-m™".K"
e
1

Experimental B
0.8+ - ---m=0.36 (From Eq. (11)) -
m=0.2
1--._ m=1.0 1/2,=1/2+mal2,
044 -om=20 .

T T T T T T T
0.003  0.004 0.005 0.006 0.007 0.008 0.009 0.010

Fractional porosity @
Fig. 1. Comparison of measured and predicted thermal conduc-

tivities of gabbro samples with air as saturant using different val-
ues of m.
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Fig. 2. Comparison of measured and predicted thermal conduc-
tivities of gabbro samples with water as saturant using different
values of m.
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Fig. 3. Comparison of measured and predicted thermal conduc-

tivities of gabbro samples with air as saturant using different val-
ues of z.
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Fig. 4. Comparison of measured and predicted thermal conduc-
tivities of gabbro samples with water as saturant using different
values of z.

The values of the thermal conductivity predicted using values of m
and z other than those calculated from Eqgs. (11) and (16) are also shown
(Figs. 1-4). It is observed that the values of m and z calculated by using
these equations gave the best results of all other randomly selected values
which are 0.2, 1.0, and 2.0 in all cases.

5. CONCLUSIONS

The gabbro specimens have been characterized by mineral composi-
tion, porosity, and density. The ASTM standards have been applied to
study the density-related properties. A simple correlation between density
and porosity is established.

In this study, a step is taken to establish a previously proposed empir-
ical model by using the experimental data of the thermal conductivity
of gabbro specimens. The thermal conductivity of gabbro specimens has
also been predicted by some existing empirical models. In addition, an
exponential decay relation is tested which is equally good as the previ-
ously proposed model. It is noted that Aexpand Ae, predicted by the pre-
viously proposed empirical model are in agreement within 7% and the
presently proposed exponential decay formula gives an error up to 8% for
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air-saturated samples. For water as a fluid in the pore spaces, both models
agree with the experimental data within 2%.

It is noted that in applying most of the empirical relations the adjust-
able parameters vary from material to material and from saturant to sat-
urant. To check the applicability of these proposals, further work is in
progress.
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